In our paper [RM02a] we describe an approach to weak bisimulation for coalgebras and show that parts of the theory of universal coalgebra (with strong bisimulation) can be obtained when considering coalgebras with weak bisimulations and weak homomorphisms. In the present paper we focus on uniformly adapting modal logics that characterise strong bisimulation for coalgebras to several kinds of observation equivalences.
Introduction
Coalgebras are widely accepted as models for systems, see e.g. [Rei95, Rut00] . The crucial notion in that respect is the notion of (strong) bisimulation of coalgebras for a functor. Coalgebraic bisimilarity is the counterpart for what Hennessy and Milner call observation congruence in [HM85] . Most applications of coalgebras rely on this notion.
However, in process algebra many other kinds of (weak) observation equivalence have been investigated. The best-known of these equivalences is the one associated to weak bisimulation. The idea that weak bisimulation can be defined as strong bisimulation of a suitable abstraction of the considered system, gave rise to a similar approach to weak bisimulation for coalgebras. In his paper [Rot02] , the first author describes such an approach for coalgebras of polynomial functors. A more general theory was introduced in [RM02a] , now being able to define weak bisimulation for a larger class of functors. It recently turned out, that many other bisimulation equivalences, such as delay bisimulation and branching bisimulation can be covered by a slightly more general approach. A paper [RM] is currently in preparation.
While considering a certain kind of observation equivalence, it is often interesting to find logics that characterise the investigated equivalence, i.e. it should be possible to distinguish states of systems that do not belong to the equivalence by means of logical formulae, whereas equivalent states should have equal logical theories. Examples for such logics are weak and strong Hennessy-Milner-Logic (see e.g. [HM80, Sti01] ).
Similarly to process algebra, modal logics for coalgebras have been investigated. While modal logics for coalgebras can now be used in specification languages, cf. [Cîr02] and [Tew02] , earlier papers mainly focused on logical characterisation of bisimilarity, see e.g. [Mos99] , [Kur98] . In the present paper, we propose a general approach to modal logics for coalgebraic observation equivalences, combining Martin Rößiger's ideas for many-sorted modal logics from [Röß00a] and Dirk Pattinson's approach in [Pat01] . We obtain a recipe for logics that characterise behavioural equivalences, for many kinds of bisimulations.
Our report is organised as follows: In the next section we recapitulate some definitions from our mentioned papers and state some results about coalgebraic observation equivalences. The third section investigates boundedness of the observable part of a coalgebra. Finally, in Section 4, we propose an approach to logics for observation equivalences.
Preliminaries
Our workplaces are the categories Set of sets and total functions, and Rel, whose objects are sets and morphisms are relations. While the former is wellknown, we would like to recapitulate a few facts about the latter:
• A morphism R ⊆ A × B is epi in Rel if and only if for all b ∈ B, there is an a ∈ A, such that R(a) := {b | a, b ∈ R} = {b}.
• A Set-endofunctor F is extended by a Rel-endofunctor G if and only if
−1 , where π 1 and π 2 are the projections from R to A and B, respectively. We will call Set-endofunctors that can be extended to Rel relators. As a special case of a result in [CKW91] , a functor F can be extended by some G if and only if F preserves weak pullbacks. Since the extension of F is uniquely defined, we will use the functor symbol F to denote its extension as well.
Coalgebras
For a given Set-endofunctor F , an F -coalgebra A = A, α is a set A together with a function α : A / / F (A). An F -coalgebra-morphism from a coalgebra A to a coalgebra B is a function f :
Fcoalgebras with coalgebra-morphisms form the category Set F . A relation R ⊆ A × B is a bisimulation, if there is a transition structure ρ : R / / F (R) such that the projections π 1 : R / / A and π 2 : R / / B are coalgebra-morphisms from R, ρ to A and B, respectively. For a ∈ A and b ∈ B, we write a ↔ b if there is a bisimulation R containing a, b .
In the following we will frequently use coalgebras of the functor F lts = P(L × Id) where P is the covariant powerset functor, L is a constant functor and Id is the identity functor. Such coalgebras are labelled transition systems over the fixed set L of transition labels. As usual in process algebra we will require a distinguished label τ ∈ L which denotes hidden transitions. We denote the set of observable labels of L by L o := L \ {τ }. As usual in process algebra, we will denote l-transitions from state a to state a by a l / / a and possibly empty sequences of τ -transitions by + 3 . If F is a relator, a relational F -coalgebra A = A, α is a set A together with a relation α ⊆ A×F (A). As before, a function f :
Relational F -coalgebras with functional morphisms form a category which we denote by Rel F 4 . It is easy to see that Rel F is concretely isomorphic to Set P•F where P is the covariant powerset-functor.
Specifying Observable Parts of Coalgebras
In the following we recapitulate some of the definitions and results from [RM02b] and the upcoming [RM] .
The original version of natural relations introduced by Pattinson in [Pat01] is a special case of our natural relations. We shall use the notion of natural accessor of functor F to emphasise these natural relations from F to the identity functor Id.
Next let us define a semantical way to capture "subfunctors" in the sense of [Röß00b] :
To stress that η is a witness for the fact that G divides F , we shall occasionally write η : G F .
Proposition 2.3 The following properties hold for all functors F, F , G, G :
( 1) is a pre-order. 
Example 2.4 L o × Id F lts . To see this, one needs to find an appropriate natural relation. Define for an arbitrary set X
Then the family of relations (η X ) indexed by sets is natural and η X is epi in Rel for X = ∅. is an extension of F . Intuitively, the transition structure of the extension A of a coalgebra A just copies its argument. Let us denote this extension by E 0 . Also F = F together with the functor
is an extension of F . We shall denote this extension by E 1 . Copying of states can be modelled by F = Id×F together with the functor
Definition 2.9
For an extension E of a relator F , an E-skip is a family of relations (ρ A ⊆ F (A) × F (A)) indexed by F -coalgebras such that for all F -coalgebra-morphisms f : A / / B the following diagram in Rel commutes:
Next let us describe an obvious way to obtain E-skips from F -skips:
Proposition 2.10 Assume σ is an F -skip for some relator F , and let
E = F , (−) be an extension of F . Then ρ given by ρ A = F (σ A ) for every F - coalgebra A is an E-skip.
Example 2.11 The family of relations ρ given by
, there is an x ∈ X, such that l, x ∈ S 1 and x + 3 x ; and for all l, x ∈ S 1 , there is an x ∈ X, such that l, x ∈ S 2 and x + 3 x . Intuitively, for every labelled transition system A, ρ A performs a number of invisible steps on the elements of P(L × A). Definition 2.12 Let F be a relator. An F -abstraction A = σ, E, ρ, G, η consists of an F -skip σ, an extension E = F , (−) of F , an E-skip ρ, and η : G F . The observable part of the transition structure α of an Fcoalgebra A with respect to an abstraction A shall be denoted α A and given by α
To stress that σ A is applied before α and ρ A after the coalgebraic transitions occur, σ and ρ will also be called pre-skip and post-skip, respectively.
Example 2.13 Let
, η with defining components as in the previous examples. Then for every
if and only if a
For a given observer O, the Rel-endofunctor O shall be defined as the product of the G i in Rel, i.e. O(X) is the disjoint union of (G i (X)) i∈I . The observable transition structure α o of an F -coalgebra A with respect to an F -observer O is defined by the Rel-tupling of the observable parts with respect to the abstractions in O, i.e. To better distinguish between between "classical" bisimulations and Obisimulations, we refer to the former one as strong bisimulation in the following. O-bisimulations can capture many notions of bisimulation, but let us start with a result that O-bisimulations are generalisations of strong bisimulation. 
Bisimulations

Theorem 2.16 Let F be a relator, and suppose the observer O contains only one abstraction A = σ, E, ρ, F, η where the pre-skip σ is given by σ
A = ∆ A , E is given by F = F and A = A, the post-skip ρ is determined by ρ A = F (∆ A ) = ∆ F (A) , and η : F F is η A = ∆ F (A) .
Boundedness
In this section we show that under some conditions, the relation α o cannot connect arbitrarily many elements of G(A) to an element a ∈ A. A family of relations (R i ⊆ A × B) i∈I indexed by a set or class I is κ-bounded if there is a cardinal κ, such that for every i ∈ I, R i is κ-bounded. 
Bounded Functors
Lemma 3.5 If
Proof. From the previous theorem it follows that there must be sets C 1 and C 2 , and surjective natural transformations η :
/ / G. The horizontal composition of η and µ is a surjective natural transformation
Proof.
(1) By Theorem 3.4, it suffices to prove that 
e. for every set A and every t ∈ F (A), there is a function ϕ : M / / A, and an m ∈ F (M ) with F (ϕ)(m) = t. Assume A = ∅ and g ∈ G(A). Then there is a t ∈ F (A), such that {g} = {g | t, g ∈ η
Since F is M -small, G is also M -small by the argument in item (1), hence there exists a set C, such that there is a surjective natural transformation from the functor C × (Id) M to G. Thus for any set A and a ∈ A
Bounded Skips
Next we will show that every F -skip is bounded if F is a bounded relator.
Lemma 3.7 Suppose F is a relator, σ is an F -skip, A is an F -coalgebra, a ∈ A, and S ⊆ A is a subcoalgebra of A containing a. Then σ A (a) ⊆ S.
Proof. Since S is a subcoalgebra of A, there is a transition structure χ : S / / F (S), such that the canonical inclusion map i : S / / A is a coalgebramorphism from S = S, χ to A. Now take t ∈ σ A (a). From a ∈ S and i(a) = a it follows that t ∈ σ A • i(a), so by naturality of σ, t ∈ i • σ S (a). This means that there is a u ∈ S, such that u ∈ σ S (a) and i(u) = t, hence t ∈ S.✷
Proposition 3.8 Assume F is a κ-bounded relator, and let σ be an F -skip. Then σ is κ-bounded, i.e. for all F -coalgebras A and a ∈
Proof. If F is κ-bounded, then for every A and a ∈ A, there is a subcoalgebra S a of A containing a, and S a is of cardinality less than or equal to κ.
Similarly, let us investigate the boundedness of E-skips for extensions E of a functor F .
Lemma 3.9 Let F be a bounded relator, A be an F -coalgebra and E = F , (−) be an extension of F . Assume further that ρ is an E-skip. Then for every subcoalgebra S ⊆ A with inclusion morphism i of A, and every
Proof. Similar to the proof of Lemma 3.7. ✷ Proposition 3.10 Let F be an M 1 -bounded relator and E = F , (−) be an extension of F such that F is M 2 -bounded. Then there is a set C such that for every E-skip ρ and
Proof. Similar to the proof of Proposition 3.8 using the previous lemma. ✷ 
(1) By Lemma 3.6(i), for every abstraction
(2) If κ is finite, then P κ is AE-bounded. Hence by Lemma 3.
Modal Logics for Bisimulations
In this section we present an approach to modal logics that characterise Obisimulations for a given O. Since O-bisimulations are defined as bisimulations between the observable parts of coalgebras in Rel O , and since Rel O is concretely isomorphic to Set P•O , it suffices to find logics that characterise bisimulation in Set P•O . While it is possible to do so by using well-known approaches, e.g the approach of Martin Rößiger from [Röß00a] if O is a Kripke-polynomial functor or the approach of Dirk Pattinson from [Pat01] if P κ • O admits a complete pair, we will focus on another approach, combining ideas from the former with concepts of the latter.
To justify this, observe that Rößiger's approach requires the functor to belong to a certain class of syntactically defined functors which does not fit well with our approach of defining observable parts of functors and coalgebras by naturality conditions. On the other hand, Pattinson's approach lacks a complete characterisation of the class of functors that admit a complete pair. For instance for the functor P(Id × Id) it is, up to our knowledge, unknown, whether or not a complete pair exists. Unfortunately, when defining branching bisimulation in our approach a similar functor comes into play, rendering the direct use of Pattinson's ideas impossible.
In the following we propose a two-sorted approach to modal logics for O-bisimulation. For this approach it is required that the functor F and its observer O are bounded. It then suffices to define a logic that characterises bisimulation in Set Pκ•O for some κ as in Theorem 3.12.
Syntax and Semantics
Let λ be a cardinal, M a set of natural accessors and At a set of attributes in the sense of [Pat01] , i.e. At is a set of subsets of O(1). Define two modal logics: L O (M, At, λ) is given by the grammar
and simultaneously L P (M, At, λ) is the language of the grammar
where a ∈ At, and µ ∈ M, Φ is a set of formulae from L O with cardinality less than λ, and Ψ is a set of formulae from L P with cardinality less then λ.
The semantics of a formula ϕ with respect to a P •O-coalgebra A = A, α for formulae from ϕ ∈ L O (M, At, λ) is a subset of O(A).
As boolean connectives are treated as usual, let us restrict our attention to the propositional variables and modalities:
where ! : A / / 1 is the unique function from set A to the singleton set 1. Simultaneously, the semantics of ψ ∈ L P (M, At, λ) is defined as a subset of A given by
The standard abbreviations are given as usual: ✸ µ ψ = ¬✷ µ ¬ψ, and ✸ + ϕ = ¬ ¬ϕ for the modalities and ⊥ = ¬ ∅ for the formula that is always false.
We write a |=
we denote the subset of At which holds in o ∈ O, i.e.
It is also possible to define the semantics of a formula with respect to an observer. Given a bounded relator F , a bounded observer O, an F -coalgebra A, and a ∈ A, O is the functor determined by O as in Definition 2.14. Induction base:
Induction step: As it is clear that morphisms preserve semantics of boolean connectives, we will only demonstrate the proof for modalities. and π 2 from R to A and B are homomorphisms from R = R, ρ to A and B, Proof. "⇒": See Theorem 15.3 in [Rut00] . "⇐": Suppose R is a bisimulation equivalence on A . For proving that R is a bisimulation equivalence on A consider the canonical G-coalgebra-morphism f : , λ) , since |S| κ, and r |= ϕ, but there is no s ∈ S such that s |= ϕ. Hence, a |= ✸ + ϕ and b |= ✸ + ϕ, contradicting the assumption that a ≈ b. This shows that there must be an s ∈ S, fulfilling (1a)-(1c).
Assume that s ∈ S does not fulfil all conditions. Then at least one of the conditions must be violated. Construct ϕ s as follows:
(1) In case È(r) = È(s), there must be at least one separating attribute at ∈ At. If at ∈ È(r) and at ∈ È(s), let ϕ s = at, which implies that r |= ϕ s and s |= ϕ s . In case at ∈ È(r) and at ∈ È(s), set ϕ s = ¬at, which again ensures that r |= ϕ s and s |= ϕ s .
(2) If the previous case does not apply, but there is a natural accessor µ ∈ M, such that for some x ∈ µ(r) there is no y ∈ µ(s), such that x ≈ y, construct ϕ s as follows:
Consider an arbitrary y ∈ µ(s). Since x ≈ y by assumption, there must be a formula ψ 
Conclusions
This paper contains a general approach to modal logics for coalgebraic observation equivalences. To construct our logic, we used two sources of inspiration: Dirk Pattinson's work in [Pat01] to define expressive modal logics for coalgebras by semantical analysis of the functor, and Martin Rößiger's paper on many-sorted modal logics for coalgebras of Kripke-polynomial functors.
